UNITARY iV-DILATIONS FOR TUPLES OF 
COMMUTING MATRICES 
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Abstract. Wc show that whenever a contractive /c-tuplc T on 
a finite dimensional space H has a unitary dilation, then for any 
fixed degree N there is a unitary fc-tuple C/ on a finite dimensional 
space so that q(T) — PHq{U)\H for all polynomials q of degree at 
most N. 



1. Introduction and statement of the main results 

Let Ti, . . . ,Tfc be a /c-tuple of commuting contractions on a Hilbert 
space H. A /c-tuple Ui, . . . ,Uk of commuting unitaries on a Hilbert 
space K is said to be a unitary dilation for Ti, . . . , if if is a sub- 
space of K and if for all rii, . . . , G M the operator T"*" ■ ■ ■ T^* is the 
compression of t/f ^ ■ ■ ■ [/^* onto H, meaning that 

(Here and below we are using the notation for the orthogonal pro- 
jection of K onto H). The problem of determining if a fc-tuple of 
contractions has a unitary dilation is well studied, and has had a pro- 
found impact on operator theory; see [lOl [151 El IH E] for example. The 
basic results in the theory are that a unitary dilation always exists 
when k = 1 (this is Sz.-Nagy's unitary dilation theorem [18]) and when 
k = 2 (this is Ando's dilation theorem [2]); also, Parrott [H] gave an 
example showing that when k = 3 a. unitary dilation might not exist. 

In case there is a dilation, it can be shown that if Tj is not a unitary 
for some i then K has to be infinite dimensional. Now, one reason to 
seek a unitary dilation for a given /c-tuple of commuting operators, is 
to better understand Ti, . . . , T^. as a "piece" of the /c-tuple Ui, . . . ,Uk 
— given that /c-tuples of commuting unitaries are particularly well 
understood. On the other hand, in the case when Ti, . . . ,Tk act on a 
finite dimensional space, it is not entirely clear that unitaries acting 
on an infinite dimensional space are really better understood. One 
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is naturally let to consider a dilation theory that involves only finite 
dimensional Hilbert spaces. 

Definition 1.1. Let Ti, . . . ,Tk be commuting contractions on H, and 
let N ^N. A unitary iV-dilation for Ti, . . . ,Tk is a k-tuple of commut- 
ing unitaries Ui, . . . ,Uk acting on a space K ^ H such that 

(1.1) ^ ■ ■ ■ T^' = PhU^' ■ ■ ■ Ul" Ph, 

for all non-negative integers ni, . . . , satisfying ni + . . . + < N . 

We will only be interested in A^-dilations acting on finite dimensional 
spaces. In [9] Egervary showed that every contraction T on a finite di- 
mensional space has a unitary A^-dilation acting on a finite dimensional 
space — this should be thought of as a finite dimensional version of 
Sz.-Nagy's dilation theorem. In [12] this idea was revisited and some 
consequences were explored. The goal of this paper is to show that 
an analogue of Egervary's result holds for two commuting operators — 
this can be thought of as a finite dimensional version of Ando's dilation 
theorem. We obtain several other related results as well, as explained 
below. 

1.1. Dilations and A^-dilations. It will be convenient to denote by 
V^ik) the space of complex polynomials in k variables of degree less 
than or equal to A^. Put V{k) = [j^VN{k). 

Section [2] will be devoted to the proof of the following theorem: 

Theorem 1.2. Let H be a Hilbert space, dimi^ = n. Let Ti, . . . , 

be commuting contractions on H. The following are equivalent: 

(1) The k-tuple Ti, . . . , has a unitary dilation. 

(2) For every N, the k-tuple Ti,...,Tk has a unitary N -dilation 
that acts on a finite dimensional space. 

When the conditions hold, the regular unitary N- dilation can be taken 
to act on a Hilbert space of dimension n^{n + 1) ''^"1^?' + n. 

Ando's dilation theorem [2] asserts that every pair of commuting con- 
tractions has a unitary dilation. Thus the above theorem immediately 
implies the following. 

Corollary 1.3. Let H be a Hilbert space, dim if = n. Let A,B be 

two commuting contractions on H . Then for all N, there is a Hilbert 
space K containing H , with dim K = n'^{n + 1) _|_ Q^jid fyjQ 

commuting unitaries U,V on K such that 

q{A,B)=PHqiU,V)\^ 

for all q G VN{k). 
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It is known that any /c-tuple of commuting 2x2 contractions has a 
unitary dilation (see [Bl P- 21] or [H]). Thus we also obtain the next 
corollary. 

Corollary 1.4. Let H be a Hilbert space, dim if = 2. Let Ti, . . . ,Tfc 
be commuting contractions on H . Then for all N, there is a Hilbert 
space K containing H, with dimK = 12^^|^ + 2, and a k-tuple of 
commuting unitaries Ui, . . . ,Uk on K such that 

qiT,,...,Tk) = PHq{Ui,...,Uk 

for all q G VN{k). 



\H 



1.2. Regular dilations and regular A^-dilat ions. When does a com- 
muting fc-tuple of contractions have a unitary dilation? This question 
has received a lot of attention (see for example Chapter I of [10], [13], 
[T7] or [B]), but it is fair to say that a completely satisfying answer has 
not yet been found. However, there is a stronger notion of dilation — 
regular dilation — for which a simple necessary and sufficient condition 
is known. Before defining regular dilations we introduce some notation. 

Let Q%{k) denote the set of all functions f on k variables zi, . . . ,Zk 
of the form 

/(zi, ...,Zk) = q{yu ■ ■ • ,yfc), 

for some q G VN{k), where for each i, Ui is either Zi or z^- That is / 
is an analytic polynomial in some of the variables, and a co-analytic 
polynomial in the rest of them. Let Q^ik) denote the space spanned 
hjQ%{k). Put Q{k) = [jj,Q^{k). 

If Ti, . . . ,Tfc is a /c-tuple of commuting contractions, then for any 
/ G Q{k) we define /(Ti, . . . , T^) as follows. If / is a monomial of the 
form 



J[Zi, . . . , Zk) — Z^^ Z-^ Zj^ ■ ■ ■ Zj^ 

(where necessarily {ii, . . . ,is} n {ji, ■ ■ ■ ,jt} = 0) then we define 

/(Ti, . . . ,Tfc) = {T;^^ ■ ■ ■■■TP;. 

This definition is expanded linearly to all of Q{k). 

Definition 1.5. Let Ti,...,Tfc be commuting contractions on H. A 
regular unitary dilation for Ti, . . . ,Tfc is a k-tuple of commuting uni- 
taries Ui, . . . ,Uk acting on a space K ^ H such that 

f{T^,...,Tk)=PHf{U^.....Uk)\H 

for all f G Q{k). 
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It is known [101 Theorem 1.9.1] that a necessary and sufficient con- 
dition for a /c-tuple Ti, . . . , to have a regular unitary dilation is that 
for all S" C {1, . . . , /c}, we have the operator inequality 



where / = {ii,i2, ■ ■ -Jm}- 

Definition 1.6. Let Ti, . . . ,Tk be commuting contractions on H, and 
let N E N. A regular unitary A^-dilation for Ti, . . . ,Tk is a k-tuple of 
commuting unitaries Ui, . . . ,Uk acting on a space K ^ H such that 



for all f e QN{k). 

In [12] it was proved that every fc-tuple of doubly commuting contrac- 
tions has a regular unitary iV-dilation acting on a finite dimensional 
space, for all iV, and the question was raised, whether condition (11.21) 
is necessary and sufficient for a regular unitary A^-dilation to exist for 
all A^. In this paper we show that indeed it is, a result which follows 
from the following theorem (to be proved in Section [3]) . 

Theorem 1.7. Let H be a Hilbert space, dim if = n. Let Ti, . . . ,Tk 

be commuting contractions on H . The following are equivalent: 

(1) The k-tuple Ti, . . . , has a regular unitary dilation. 

(2) For every N, the k-tuple Ti, . . . ,Tk has a regular unitary N- 
dilation which acts on a finite dimensional space. 

When the conditions hold, the regular unitary N- dilation can be taken 
to act on a Hilbert space of dimension n^{n -|- 1) x dim Q^ik) + n. 

From the theorem and the preceding discussion we obtain: 

Corollary 1.8. Let H be a Hilbert space, dim if = n. Let Ti, . . . ,Tk 

be commuting contractions on H. The following are equivalent: 

(1) For every N, the k-tuple Ti, . . . ,Tfc has a regular unitary N- 
dilation which acts on a finite dimensional space. 

(2) Condition M.2\) holds for a// S* C {1, . . . , A;}. 

I. 3. A formula for tlie dilation. The proofs for Theorems 11.21 and 

II. 71 provided below are non-constructive, and provide little information 
on how to effectively construct the unitary dilations. This should be 
contrasted with the results of [12], all of which had proofs involving 
concrete, finite dimensional constructions. For example, the A^-dilation 



(1.2) 




/(Ti,...,Tfc)=PH/(t/i,...,t/fc) 



H 
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which Egervary constructs for a contraction T is given by 

/ T DtA 
Dt -T 

\ I J 

where Dt = {I - T*Tf/^ and Dt- = (/ - TT*f/^, and the matrix 
U has (A^ + 1) X [N + 1) blocks. It would be interesting to obtain 
such concrete formulas for the dilation of two commuting contractions. 
After all, we have a bound on the dimension of the space on which the 
dilation acts. 

One of the goals behind this work was to find a proof of Ando's 
inequality for two commuting matrices that does not involve Ando's 
dilation theorem or infinite dimensional spaces. This goal has not yet 
been met. 

2. Proof of Theorem 11.21 
Let the notation be as in Theorem 11.21 

2.1. Existence of A^-dilations implies existence of dilations. 

Suppose that for all A^, the /c-tuple Ti, . . . , has a unitary A^-dilation. 
Fixing A^, let f/i, . . . , t/fc be a unitary A^-dilation acting on a (finite di- 
mensional) Hilbert space K. \{ Q = {qij)'^j^^ is an m x m matrix with 
entries in VN{k), then we have 

Qi,j{Ti, . . . , Tfc) = PfjqijiUi, . . . , Uk)\^ 

for all therefore 

II (g,,(Ti,...,T,)XJ| < II (g,,(f/i,...,f/fc))^J|, 

where the norm is the operator norm on i7 ® ® if (on the left hand 

m times 

side) OT on K (B ■ ■ ■ (B K (on the right hand side). The right hand side 
is less than or equal to sup{|| (gjj(z))jj||M™, : z G T'^}, therefore 

II (gij(Ti, . . .,Tk))-j II < sup{||(gij(z))ij||A/„ : z G T^'}. 

Since this holds for all A^, we find that the polydisc D is a complete 
spectral set for Ti, . . . , T^, so by Arveson's dilation theorem (see [U pp. 
278-279] or [15l pp. 86-87]) the tuple Ti, . . . , has a unitary dilation. 
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2.2. Existence of dilations implies existence of A^-dilations. We 

begin by proving a proposition of independent interest. 

Proposition 2.1. Suppose that Ti, . . . , are commuting contractions 
on H , dim H = n, and that they have a unitary dilation Ui, . . . ,Uk- Fix 
N Then there is an integer M , there are M points Wi, . . . ,Wm G 

T^' and there are M non-negative operators Ai, . . . ,Aj[i G B{H) with 
Y^Ai = Ih, such that 

M 

(2.1) g(Ti,...,Tfc) = ^g(w;,)A, , for all q eVN{k). 

i=l 

The integer M can be taken to be n{n + 1)-^^|^ + 1- 

Proof. We begin by proving a relation of the type (12. ip for the tuple 
rTi, . . . , rTfc, where r G (0, 1). Note that the tuple rlli, . . . , rUk is a 
(normal) dilation for rTi, . . . , rT^, that is 

(2.2) g(rTi, . . . ,rTfc) = PnqirUi, . . . ,rUk)PH 
for all q G V{k). 

Let ^{z\w) be the Poisson kernel for the polydisc (see, e.g., [161 
p. 17]); $ : D'' X T'' — )■ M has the following properties: 

(1) $(2; w) > for ^ G w G T'^, 

(2) J^fc $(2;; w)dw = 1 for all z G D'^', where dw denotes normalized 
Lebesgue measure on T'^, 

(3) If u is n-harmonic (that is, harmonic in each complex variable 

/j 

separately) in a neighborhood of D then for all 2; G D , 

u{z) = / ^{z;w)u{w)dw. 

In particular, the functional calculus for the normal /c-tuple rf/i, . . . , rUk 
then gives 

g(rf/i, . . . ,rf/fc) = / ^{{rUi, . . . ,rUk)\w)q{w)dw 
for all q G V^ik). Combining this with (12. 2p we obtain 

(2.3) g(rTi,...,rTfc) = / Ph^HtUi, . . . ,rUkYw)PHq{w)dw. 

Let {ei, . . . , e„} be an orthonormal basis for H . Define 

fijiw) = {Pn^iirUi, . . . ,rUky,w)PHej,ei) . 

Let V be the real vector space spanned by {^fijq, S/j^g : 1 < ^ < j < 
n,q & Vjsik)} (note that fij = fji because Pff$((r?7i, . . . ,rUk);w)PH 
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is self- adjoint). The dimension of V is at most 2 x n(n + l)/2 x '■^"j"^^' 
(the last factor is dimVN{k)). The linear functional on V given by 

g{w)dw 

is in the convex hull of point evaluations on T^. By Caratheodory's 
Theorem [TJ p. 453], there are M := n(n+l)^^|^+l points w^^ . . . , w^^ 
in T'^ and M positive numbers a^[\ . . . , a^[^ summing to 1 such that 

(2.4) / g{w)dw = y2o't^9i^l''^) ^ for all ^ G V. 

Put 

Combining (12.31) and fl2.4p we obtain 

M 

q{rT,, rTk) = ^ g(w;f VS'^ , for all q G P^(A;). 

i=l 

Letting g = 1, we get Af''^ = Ih, so the Af'' are positive and 
uniformly bounded. Hence we get (12. ip by a compactness argument. ■ 

As a corollary we obtain the following sharpening of von Neumann's 
inequality. 

Corollary 2.2. Suppose that Ti, . . . ^T^ are commuting contractions 
on H , dim if = n, that have a unitary dilation Ui, . . . , Uk- Fix N &N. 
Then there is an integer M which is not greater than n{n+l) ^^1^^' + 1, 
and there are M points Wi, . . . , wm G T*^ such that 

||g(Ti, . . . ,Tfc)|| < max \q{wi)\ , for all q E VN{k). 

l<i<ai 

Remark 2.3. By Ando's dilation theorem, every pair of commuting 
contractions Ti,T2 has a unitary dilation, and the above results apply. 
In the case where neither Ti and T2 have eigenvalues of unit modu- 
lus, then one may replace the Poisson kernel in the above proof with 
the spectral measure of a unitary dilation obtained in the proof of [H 
Theorem 3.1], and it follows that the points Wi, . . . ,wm all lie in the 
distinguished variety associated with Ti,T2. This means they all lie in 
the intersection V^flT^, where is a one dimensional algebraic set that 
depends on Ti and T2 but not on A^. 

We can now complete the proof of Theorem 11.21 Let Ti, . . . , be 
commuting contractions on H, dim H = n, that have a unitary dilation. 
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Let wi, . . . , wm and Ai, Am he as in the conclusion of Proposition 
I2.1[ The points Wi all lie on the /c-torus T^, so we write 

Wi = {wl,...,w^) , z = 1,...,M, 

where E T for all i and j. Since — ^h, the M-tuple of 

operators Ai, . . . , Am can be thought of as a positive operator valued 
measure (POVM) on an M point set. By Naimark's Theorem [151 
Theorem 4.6], this POVM can be dilated to a spectral measure on an 
M-point set. This just means that there are M orthogonal projections 
El, ... , Em on a Hilbert space K such that Ei = Ik, for which 

(2.5) A = PHEiPH , i = l,...,M. 

The familiar proof of Naimark's Theorem via Stinespring's Theorem 
(see Chapter 4 of |T5]) shows that K can be chosen to be at most 
M X n dimensional. For j = 1, . . . ,k we define 

M 

U, = J2^iE,. 

1=1 

Clearly, Ui, . . . ,Uk are commuting unitaries on K, and by (12.11) and 
(12.51) they constitute an A^-dilation for Ti, . . . , T^. That completes the 
proof of Theorem II. 2[ 

2.3. Additional remark. It is not clear what the appropriate ana- 
logue of "commutant lifting" might be in this setting. Indeed, let 

These are clearly two commuting contractions. But (as one may te- 
diously check) there is no contractive matrix of the form 



that commutes with the 1-dilation for A given by 

[A Da*\ 
\Da -a)- 

3. Proof of Theorem 11.71 

3.1. Existence of regular A^-dilations implies existence of reg- 
ular dilations. Suppose that for all A^, the /c-tuple Ti, . . . ,Tk has a 
regular unitary A^-dilation. It follows the function T(-) : — t- B{H) 
given by 

T(ni, . . . , rifc) = (Ti^"^^- ■ ■ ■ t^("^)-)*t,("0+ . . . 
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is positive definite (here n+ := max{n, 0} and n_ := max{— n,0}). 
By the results of Sections 1.7 and 1.9 in [TU], Ti, . . . ,Tfc has a regular 
unitary dilation. 

3.2. Existence of regular dilations implies existence of regular 
A^-dilations. The proof is similar to the proof of Theorem 11.21 We 
begin with an analogue of Proposition 12.11 

Proposition 3.1. Suppose that Ti, . . . ,Tk are commuting contractions 
on H, dimiJ = n, that have a regular unitary dilation Ui, . . . , Uk- Fix 
N ^ N. Then there is an integer M , there are M points Wi, . . . , wm ^ 
and there are M non-negative operators Ai, . . . ,Am G B{H) with 
'Y^Ai = Ih, such that 

M 

(3.1) q{Ti,. . . ,Tk) = ^q{wi)Ai , for all q E QN{k). 

i=l 

The integer M can be taken to be n{n + 1) x dim QN^k) + 1. 

Proof. The proof is similar to the proof of Proposition 12.11 One just 
needs to notice that the functions in Q{k) are all n-harmonic; thus one 
may use the Poisson kernel to get equation (12. 3p for all q G QN^k). 
The rest of the proof is the same, except for the dimension count. ■ 

As in the previous section, the above proposition immediately implies 
a von Neumann type inequality for functions in QAr(/c). 

The proof of Theorem 11.71 is completed in precisely the same way as 
the proof of Theorem 11.21 by dilating the 's to a family of pairwise 
orthogonal projections. 

Remark 3.2. In [121 Section 4], it was shown that if Ti, . . . ,Tfc is a 
doubly commuting tuple of contractions (meaning that operators com- 
mute and also TiT* = T*Ti for all i 7^ j), then it has a regular unitary 
A^-dilation, and an equation such as (13. ip was obtained as a corollary. 
All doubly commuting A;-tuples of contractions satisfy (11.20 . so one may 
also apply Theorem 1 1.71 to see that a doubly commuting A;-tuple has an 
A^-regular dilation. However, the proof from [12] not only provides a 
much smaller dimension on which the dilation acts (it is only ?7,(A^-|-1)'^) 
and a smaller number of points are needed for (13. ip . but — more im- 
portantly — it provides an algorithm for constructing the dilation as 
well as for finding the points Wi and the operators Ai. 
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